INTRODUCTION
In this paper a duality principle is formulated for statements about skew field extensions of finite (left or right) degree. A proof for this duality principle is given by constructing for every extension L/K of finite degree a dual extension LJK, . These dual extensions are constructed by embedding a given L/K in an inner Galois extension N/K.
The Appendix shows that such an embedding can always be constructed, and introduces the notion of an inner closure N for L/K.
In Section 1 some properties of inner Galois (or bicentral) extensions are mentioned, leading to the notion of a dual extension and the duality theorem.
In Section 2 it is shown that the basic structures of LJK can be described by those of a dual extension L,/K,. A survey of this is the translation table at the end of Section 2. Based on these translations the general duality principle is formulated.
In Section 3 we establish dual connections between a number of notions known in the literature. For instance, it appears that cyclic Galois extensions and binomial extensions are duals of each other.
In Section 4 dual connections are used to prove in an easy way some results on cyclic Galois extensions, generalizing Amitsur's results [l] .
Compared to [S] , in this paper in Section 1 the proofs are much shorter and generalized to the new notion of a predual extension. In Sections 2 and 4 derivations are also handled. Section 3 follows some parts of Chapter 7 of [S] . In Section 4 most of the material is new, although some special cases already were handled in [S] . The construction in the Appendix is new.
We continue with some basic terminology. By a field we mean a skew field; we denote fields by K, L, N, D, E with or without subscripts. If Kc L then by Z, (K) we denote the centralizer of K in L, and Z(K) if o E Aut(L),
The structure of duality implies that one has to deal with a left-right switch while dualizing. This means that for every notion we use both the left-form and the right-form whenever one of them is defined. The same for notations: for instance, automorphisms are sometimes written on the left and sometimes on the right of the elements on which they act.
If t E N, by 1, we denote the left-multiplication x --t t . x, sometimes restricted to a subfield L of N.
An element 8 of L* is called a left-normalizing element of L/K if OK c K8. If L/K has a left basis consisting of left-normalizing elements we call L/K a left-normalizing extension and such a basis a left-normalizing basis; in that case the commutation rules for the elements of K with respect to this basis are in diagonal form. Therefore in [S] the word "diagonal" is used for "normalizing."
If 8 is both a left-and right-normalizing element of L/K, we speak of a normalizing element of L/K. The set of these is called the normalizer of K* in L* and is denoted by N,.(K*).
We call L/K a left G-crossed product if G is a group and there are given elements Oi (iE G) in L and pi+i (i, Jo G) in K such that Oi, ig G is a leftnormalizing basis of L/K and rules of multiplication e,e, = pi, jeii hold for all i, Jo G. In that case Oi, ie G is called a G-basis. Notice that a binomial extension [3, p. 611 is a G-crossed product for a cyclic group G, and that a normalizing basis of the form 1, 8, 8*, . . . . P1 gives a pseudolinear extension with zero derivation.
DUAL EXTENSIONS
We assume Kc L and Kc N. By f??',(L, N) we denote the set of left K-linear maps of L into N. We consider it as a right N-linear space. As in [4, p. 1591 we have the following lemma; this lemma gives a relation between some left and right dimensions. Notice that we differentiate between infinite dimensions by considering them as (infinite) cardinalities. From now on we assume KC L t N and K, = Z,,,(L), L, = Z,(K). Every element t E L I induces the left K-linear mapping 1, : x + t . x from L into N. These I, for t E L, span a right N-space '$I c !i$( L, N). The following lemma gives a link between L, and !2',(L, N) using these left multiplications. LEMMA 1.2. dim',%= [L, : K,] ,. In particular, if tie L, for iE I, then the following are equivalent: (i) ti, i E Z, are right independent over K,.
(ii) II,, i E Z, are right independent over N. (iii) the K-homomorphisms oi: L + N given by x--f tixt,:' are right independent over N.
Proof (i) => (ii) Suppose I,, ie Z, are dependent over N. Then we can find Ai E N, not all zero, such that C 1,. li = 0, 1, = 1 for some i,, and such that {i E II iii # 0} is minimal. Let x E L be given; for any y E L we have 1 tix. y& = c l,(xy) Ai = 0
li'y=O* From minimality it follows that for every iEZ and y E L, yA,= liy. Therefore ,Ii E K1 . Now take x = 1. (a) The following are equivalent:
and L is bicentral in N. We see (i) holds and (b). 1
We come to the following notions:
We call L/K and LJK, dual (in N) 
We also say "L,lK, is a dual of LfK" or "L/K has a dual in N." In the following proposition it is established in (iii) that in case [L : K] ,< CO duality implies preduality. (a) The following hold:
Zf L/K and L,/K, are dual in N then the inclusions are equalities. The following proposition asserts that, if L/K has a left predual in N, then L/K also has a left predual in any extension of N, it follows from 1.1 and 1.2. In Section 2 we will give a dual description of some more of the structure of L/K. This will give a more far-reaching uniqueness of the dual extension of L/K: all basic structures of one dual L,/K, are in some sense isomorphic to those of another dual L,/K,.
DUALIZING BASIC STRUCTURES
The purpose of this section is to get a survey of how the basic structures of L/K can be translated (dualized) to basic structures of a dual LJK, of L/K. We already have the link between the centers and centralizer of L/K and those of L,/KI given by Proposition 1.4(a). Further we have the general link between intermediate fields of LJK and those of LJK, given by the Duality Theorem 1.6. In this section we successively go into the following basic structures:
A. More specific intermediate fields of L/K in relation with specific intermediate fields of LJK,. B. K-homomorphisms, K-derivations, and other K-linear maps in relation with elements of L1/K1. These structures are only well dualizable in dual extensions and in case of finite degree. In case of preduality, essential points miss.
As before we work with given KC L c N and
A. More Specific Intermediate Fields.
In handling a general L/K, sometimes it is easier to split L/K into parts that are easier to handle. Many examples of this strategy can be found in the literature. A closer look at these examples shows us that two types of decomposing L/K are often used: (see, for instance, [3, p. 61, Theorem 3.4.21) KcZ,Z,(K)cL (see, for instance, [3, p. 52, Corollary] ).
Notice that these specific intermediate fields are invariant, as a whole, under K-endomorphisms of L. We introduce:
In a similar way we can speak of L/K as an inner-central extension or of type 16, and so on. Notice that for the word "inner" sometimes "bicentral" is used, and that L/K is inner iff L/K has a dual inside L, namely Z,WYW)-It can be verified that the first decomposition mentioned above splits L/K into a central extension followed by a plain extension, and that the second decomposition splits L/K into an outer extension followed by an inner extension. In [S, Chap. 61 some more is done on these decompositions. In fact almost half of the results there were found from the other half using the duality principle. At this point we only mention the fact that, in case [L : K], < co, repeated decomposing leads to a unique (standard) decomposition E with K-invariant intermediate fields D, E, E', F. What interests us here is how these structures can be dualized. such that XD =x0 -8x for all x E E.
Proof
Notice that E/K also has a right predual in N, hence !i!!',(E, N) is spanned over N by the I,, t E L,.
(a) Write q5 as a linear combination of independent l,i with tie L:; given y E L, for any x E L compare (xy)# with x4 . yq5, as follows:
It follows that &.yq5= yl,.
By taking 0 = Izi we finish the proof. (b) 'In this case o is an injective K-linear map of a finite-dimensional K-space L. Hence CO is surjective, which means 8-'LB = L. From (a) it follows that l9 is also a right-normalizing element. 1
Notice that every L,/K, can occur as some Z,(K)/Z,(L). From Lemma 2.3(b) it follows that in general in the finite-dimensional case we can omit the prefix "left." In that case 8 E N,;(K:).
Next we give the dual characterization of the group GLIK of K-automorphisms of L. With this result we finish the section on K-homomorphisms and K-derivations. Now we have dualized a number of basic structures (see Table 2 .6). This list can be extended to more specific structures, such as Every statement formulated in terms of basic structures considered here can be dualized to a dual statement, which is true if and only if the original statement is true. Sometimes also proofs can be dualized and can provide new proofs.
GALOIS EXTENSIONS AND NORMALIZING EXTENSIONS
In this section we study Galois extensions and normalizing extensions, which appear to be duals of each other. First a lemma on normalizing extensions. LEMMA 3.1. Assume [L : K] t < co. Zf L is generated over K (as a field) by the normalizing elements ei, ie I, then L/K is a normalizing extension, with a normalizing basis consisting of products of the Oi.
Proof
One can easily verify that the left K-linear space R spanned by all products of the Bi is a subring of L. Since [L : .K], < co this subring must be a field; therefore R = L. 1 The next theorem makes use of rc as defined in 2.4. Remember that in case of preduality n was surjective, so given o we can always find a 8, with n( e,) = 0. Further, assume that (i) and (ii) are satisfied. One can use this dual relation between Galois extensions and normalizing extensions to derive the main theorems of finite Galois theory from duality. There is an analogue of Dedekind's lemma for the dependence of normalizing elements. This line is worked out in [S, Chap. 71. At this point we continue asserting dual relations between different notions. The first specific Galois extension we consider is the G-regular Galois extension, that is, a Galois extension L/K such that Inv G = K and card(G) = [L : K] (both finite). (a) Suppose G is a subgroup of GLIK such that L/K is G-regular. If elements e,, w E G, of L: are given such that xw = 0;' x0, for x E L, and tIid= 1, then t3,, OE G is a G-basis of L,fK,.
(b) Suppose tJi, i E G, is a G-basis of L,/K, for some group G. lf for ie G we define CO, E GLIK y b xwi = 0,: 'x9, then i -+ wi is an embedding of G into G,,,; identtfication of G with its image in GLIK makes L/K a G-regular extension.
Proof (a) and (i) =z. (ii) Suppose L/K is G-regular. From Theorem 3.2 it follows that 8,, WE G, is a normalizing basis of L,/K,. Since ~(0~0,) = X(0,), L,/K, is a G-crossed product with G-basis Oj, in G.
(b) and (ii) = (i) Suppose L,/K, is a G-crossed product with G-basis Oi, ic G. It is clear that i -+ wi is a homomorphism. If oi = id, then Oi E Z,(L) = K,, so i = e, the unit element of G. We see that i + oi is an embedding. Theorem 3.2 implies that Inv G = K. Furthermore, by the duality theorem
Theorem 3.3 generalizes Theorem 3.3.8 on page 55 of [3] . The following corollary establishes that binomial extensions and cyclic Galois extensions are duals of each other. 
Further, assume that (i) and (ii) This proposition again gives a link between two notions known in the literature, namely, pseudolinear extensions and invariant fields of one automorphism or of a cyclic group of automorphisms, which are dealt with in Bortfeld [23. Many of the results of this section have counterparts for the case of derivations instead of automorphisms.
One can define notions of d-normalizing extension and d-Galois extension such that these are duals of each other. We will not go into the details of this at this point, although in Section 4 some special cases are treated in relation with binomial extensions.
APPLICATIONS OF DUALITY
We continue with binomial extensions and cyclic Galois extensions. If 8 is a binomial generator of L/K of degree n then we have the norm RN,(I;S)=I.S(A).
-.* .s"-'(A)
for 1 E N=, L; here S is given by S(x) = 8x8-'. Further take p= 8". This theorem generalizes the results of Amitsur Cl] (see also [3, p. 671 ) by dropping the condition "outer" and simplifies the proof a lot.
The following result is a generalization of the corollary on p. 68 of [3] . The above results and their proofs illustrate how duality can be used to find new results and to prove them in a completely different way, compared with the usual proofs. In a similar way one can find new proofs for the classical results of Wedderburn on finite skew fields and of Frobenius on finite-dimensional extensions of the real numbers. Most of the results of this section have counterparts for the case of derivations instead of automorphisms. We sketch some of these: A useful tool is the following notion of inner closure; it is similar to the notion of a normal closure for an extension of commutative fields. Notice that we call l3,9' E N of the same K-type if Kc N and 0 + 8' gives a In this appendix we prove that every L/K can be embedded in an inner closure. Notice that (i) Next we make constructions for inner closures. The following key-lemma is helpful for that (see Cohn [3, p. 1203) . It provides in an extension (infinitely) many K-copies of elements of L which are tied by inner Kautomorphisms. (b) One can take the E of (a) of the form E = Lo k K(t); this field contains as a subfield the field coproduct of countably many K-copies of L in the form of ipzo k t-'Lt'.
This lemma introduces new elements for which again K-copies should be constructed, of course by the same construction. So applying repeatedly this lemma gives us an inner closure: In that case also L is bicentral in N.
Proof
We may assume K q L. In particular tiEZ,(K), and for i 2 2, ti E Z,(L). Therefore both K and L are bicentral in N. As in (a), N is an inner closure of L/K. 1
In [S, Chapters 2 and 31, different constructions are made using model theoretic concepts like I-closed fields and generic fields. These notions are similar to the notion of algebraic closure for the case of commutative fields.
